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Abstract
We prove that generic Z2-actions (f, g) on the interval [0,1] have the property that both f and g have the periodic shadowing
and strong tolerance stability properties, as well as their chain recurrent sets are the Cantor sets (Theorem 1).
© 2007 Elsevier B.V. All rights reserved.
MSC: 37B05; 37B20
Keywords: Generic properties; Continuous Zp-action
1. Introduction
One of the most fundamental properties of dynamical systems is shadowing. Another important property is that a
chain recurrent set is a Cantor set. In recent years these properties and some others have appeared to be C0-generic in
the space of homeomorphisms on a compact manifold (see [1–6,8]). Meanwhile the concept of shadowing and of the
chain recurrent set have been extended for dynamical system with multidimensional times, i.e., for Zd -actions [7,9].
As far no property of such systems has been proved to be generic this problem seems to be very interesting to deal
with.
First of all, we recall that the property P of elements of a topological space X is called generic (or that a generic
element of X has the property P ) if the set of all x ∈ X satisfying P is residual in X, i.e., it includes a countable
intersection of open and dense subsets of X.
In this paper we are able to prove that in the space of Z2-actions on the unit interval the following property is
generic: generators of an action are periodic shadowing, strong tolerance stable and their chain recurrent sets are
Cantor (Theorem 1).
If the following statement were true Theorem 1 would be obvious: for any commuting homeomorphisms f,g and
any ε > 0 there exists δ > 0 such that for all homeomorphism f¯ such that ρ(f, f¯ ) < δ there exists a homeomorphism
g¯ such that ρ(g, g¯) < ε and f¯ ◦ g¯ = g¯ ◦ f¯ (where ρ is a metric in the space of all homeomorphisms of a given set,
see the definition below). But this statement is not true (a counterexample is given in the last section). That is why the
proof of Theorem 1 is not as short as it could be.
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metric
ρ(f,g) = max
{
max
x∈M d
(
f (x), g(x)
)
,max
x∈M d
(
f−1(x), g−1(x)
)}
,
which generates the C0 topology. Then the set H2(M) is a complete space with the metric ((f, g), (f ′, g′)) =
max{ρ(f,f ′), ρ(g, g′)}.
Let H2c(M) = {(f, g) ∈H2(M) | f ◦ g = g ◦ f }. Then H2c(M) is a complete space since it is closed in H2(M).
Let Φ :M × Z2 → M be an Z2-action. Then (Φ(·, (1,0)),Φ(·, (0,1))) ∈ H2c(M). On the other hand, (f, g) ∈
H2c(M) generates the Z2-action Φ(x, (n,m)) = f n ◦gm(x), where f n = f ◦ · · · ◦f (n times). Hence we can consider
some generic properties in the set H2c(M).
Let f ∈H(M). A sequence {yn}n∈Z ⊂ M is called a δ-pseudo-orbit (δ  0) of f if
d
(
f (xn), xn+1
)
 δ for every n ∈ Z.
If for some positive N ∈ N we have yn+N = yn (for all n ∈ Z), then this δ-pseudo-orbit is called periodic.
A system f is said to have the periodic shadowing property if for every ε > 0 there exists δ > 0 satisfying the
following condition: given a (periodic) δ-pseudo-orbit y = {yn}n∈Z we can find a corresponding (periodic) point
x ∈ M , which ε-traces y, i.e.,
d
(
f n(x), yn
)
 ε for every n ∈ Z.
Let us note that the periodic shadowing is probably a stronger property than the shadowing property (but we do not
know any example of finite-dimensional mapping which has the shadowing property but does not have the periodic
shadowing property).
Let CR(f ) be the chain recurrent set of f , i.e., a point x ∈ CR(f ) iff for any δ > 0 there exists a finite δ-pseudo-
orbit {x, x1, . . . , xn, x}.
We say that f ∈H(M) has a strong tolerance stability property if for any ε > 0 there exists δ > 0 such that for
all g ∈H(M) such that ρ(f,g) < δ and for any x ∈ M there exist y1, y2 ∈ M such that d(f k(x), gk(y1)) < ε and
d(gk(x), f k(y2)) < ε for all k ∈ Z.
Let I = [0,1].
The goal of this paper is to prove the following theorem.
Theorem 1. For a generic (f, g) ∈H2c(I ) f and g have the periodic shadowing and strong tolerance stability prop-
erties and their chain recurrent sets are the Cantor sets.
Now we recall some known facts.
Let f ∈H(I ). Then we say that a segment [a, b] f -covers [c, d], if f ([a, b]) ⊂ (c, d) (then we will write [a, b] 0,f⇒
[c, d]) or if f ((a, b)) ⊃ [c, d] (then we will write [a, b] 1,f⇒ [c, d]). In case a ∈ ∂I we define that [a, b] 0,f⇒ [c, d], iff
f ((a, b]) ⊂ (c, d), where c or d is equal to f (a).
LetM be a decomposition of I , i.e.,
M= {[0, x1], [x1, x2], . . . , [x2k,1]}
for some k ∈ N and 0 < x1 < x2 < · · · < x2k < 1. Then let
M0 =
{[0, x1], [x2, x3], . . . , [x2k−2, x2k−1], [x2k,1]},
IntM0 =
{[0, x1), (x2, x3), . . . , (x2k−2, x2k−1), (x2k,1]}
andM1 =M\M0. For M ∈M let fix some homeomorphism ιM : [−1,1] → M .
Now a homeomorphism f ∈H(M) belongs to Aε(I) by definition, iff there exist a decomposition M of I and
r ∈ (0,1) such that |M| = max{diam(M),M ∈M} < ε and the following conditions are satisfied:
(C0) f (M0) ⊂ IntM0;
(C1) for all H,G ∈M either f (H)∩G = ∅ or f (IntH)∩ IntG = ∅;
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= ∅ and G ∈M1, then there exists a segment V = [a, b] ⊂ IntH such
that ι−1H (V ) ⊂ [−r, r] and V
1,f⇒ ιG([−r, r]) ⊂ G, and if f (IntH)∩ IntG = ∅ and G ∈M0, then there exists a
segment V = [a, b] ⊂ IntH such that ι−1H (V ) ⊂ [−r, r] and V
0,f⇒ G.
Then for any ε > 0 the set Aε(I) is open and dense in H(I ) and f ∈ ⋂∞k=1 A1/k(I ) has the periodic shadowing
and strong tolerance stability properties and its chain recurrent set is the Cantor set (see [3,5,6]).
We can define analogously the set Aε([α,β]) for any compact interval [α,β] and prove that this set is open and
dense in H([α,β]) ().
2. Proof of Theorem 1
Firstly, let us notice that it is sufficient to prove that for generic (f, g) ∈H2c(I ) f has these properties. Indeed, then
for the generic (f, g) ∈H2c(I ), g has these properties, and hence Theorem 1 holds.
Let define Bε = {(f, g) ∈H2c(I ) | f ∈ Aε(I)}. Now it is sufficient to prove that for any ε > 0, Bε is open and dense
in the set H2c(I ). Openness is obvious. Now we will prove density of Bε .
Let us define the following sets:
S1 =
{
(f, g) ∈H2c(I ) | f (0) = g(0) = 0, f (1) = g(1) = 1
}
,
S2 =
{
(f, g) ∈H2c(I ) | f (0) = g(1) = 0, f (1) = g(0) = 1 or f (0) = g(1) = 1, f (1) = g(0) = 0
}
,
S3 =
{
(f, g) ∈H2c(I ) | f (0) = g(0) = 1, f (1) = g(1) = 0
}
.
It is easy to see that these sets are disjoint, closed and open subsets of H2c(I ) such that H2c(I ) = S1 ∪ S2 ∪ S3.
Now we will prove that the set Bε ∩ S1 is dense in the set S1.
Let us denote by Fix(f ) the set of fixed points of f and let
F = {(f, g) ∈ S1 | (Fix(f )∩ Fix(g))< ∞}.
Let us notice, that for any f,g ∈H([α,β]) we have
ρ(f,g) < β − α. (1)
That is why we have the following lemma.
Lemma 2. F is a dense subset of S1.
Proof. Fix (f, g) ∈ S1 and κ > 0. Then there exists {x1, . . . , xn} ⊂ Fix(f )∩ Fix(g) (for some n) such that x1 < x2 <
· · · < xn and if |xi − xi+1| > κ then (xi, xi+1)∩ (Fix(f )∩ Fix(g)) = ∅. Now let us define
f¯ (x) =
{
f (x) for x ∈ [xi, xi+1] if |xi − xi+1| > κ,
fi(x) for x ∈ [xi, xi+1] if |xi − xi+1| κ,
g¯(x) =
{
g(x) for x ∈ [xi, xi+1] if |xi − xi+1| > κ,
fi(x) for x ∈ [xi, xi+1] if |xi − xi+1| κ,
where fi ∈H([xi, xi+1]) with Fix(fi) = {xi, xi+1}. Now (f¯ , g¯) ∈ F and from (1) we have ρ((f, g), (f¯ , g¯)) < κ .
This finishes the proof of Lemma 2. 
Now just from the definition of the set Aε we can obtain the next lemma.
Lemma 3. Let (f, g) ∈ F and let {0 = a0, a1, . . . , an = 1} = Fix(f ) ∩ Fix(g). Then if for i = 1, . . . , n f |[ai−1,ai ] ∈
Aε([ai−1, ai]) then f ∈ A2ε(I ).
Let us define the set
G = {(f, g) ∈ S1|Fix(f ) = Fix(f )∩ Fix(g) = {0,1} or Fix(g) = Fix(f )∩ Fix(g) = {0,1}}. (ll)
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(∗) For any κ > 0 and (f, g) ∈ G there exists (f¯ , g¯) ∈ Bε ∩ S1 such that ((f, g), (f¯ , g¯)) < κ .
Let us fix (f, g) ∈ G. We will prove (∗) for two different types of f and g.
Firstly, let us assume that Fix(f ) = Fix(f )∩Fix(g) = {0,1}, f (x) > x for x ∈ (0,1) (the case f (x) < x is similar),
and there exists x0 ∈ (0,1) such that g(x0) = x0.
Then for all n ∈ Z, f n(x0) ∈ Fix(g) (g(f n(x0)) = f n(g(x0)) = f n(x0)). Let xk = f k(x0) and Ik = [xk, xk+1] for
k ∈ Z. Now, for h ∈H(I0) let us define Φf h ∈H([0,1]) by formula Φf h(x) = f khf−k(x) for x ∈ Ik , Φf h(0) = 0
and Φf h(1) = 1. By the definition of the set Ik , Φf h is well defined and f and Φf h commute. What is more
Φf (g|I0) = g.
Now we can notice that Φ is continuous, i.e., if fn tends to f (and for all n fn(x0) = x1 and Fix(fn) = {0,1}) and
gn tends to g (for which x0 is a fixed point of gn) then Φfngn tends to Φf g. It is obvious on the set Ik for each k ∈ Z,
and although these sets are infinitely many they “accumulate” at 0 or 1 (in particular, diameter of Ik tends to zero, and
we know that for all α > 0 and h1, h2 ∈H([0, α]) we have ρ(h1, h2) < α). For the same reasons for ε > 0 there exists
ε′ > 0 such that if h ∈ Aε′(I0) then Φf h ∈ Aε([0,1]).
Now it is obvious that the condition (∗) holds for (g, f ) (because of the above and the remark ()).
Now (because of the fact that f (x) > x for x ∈ (0,1) and just from the definition of the set Aε) there exists f¯ ∈ Aε
such that Fix(f¯ ) = {0, a,1} and |a| < κ , and f¯ is as close f as we want. That is why Φf¯ g is defined only on the
interval [a,1]. But in this case we can put Φf¯ g(x) = x for x ∈ [0, a]. Hence the condition (∗) holds also for (f, g).
Let us consider the second type of f and g. Let assume that Fix(f ) = Fix(g) = {0,1} and f (x) > x,g(x) > x for
all x ∈ (0,1) (in the case f (x) < x or g(x) < x it is similar). Now the proof is almost the same as before.
Let us fix a0 ∈ (0,1). Let ak = f k(a0), Ik = [xk−1, xk] for k ∈ N+ and I0 = [0, a0]. Now, we can define for f ∈
H(I ) and h ∈H(I0 ∪ I1) Φf,a0h ∈H([0,1]) by the similar formula as before, i.e., Φf,a0h(x) = h(x) for x ∈ I0 ∪ I1
and Φf,a0h(x) = f k−1gf−k+1(x) for x ∈ Ik and k  1. And now we have that if f and h commute on the interval
[0, a] then (f,Ψf,a0h) ∈H2c(I ). On the other hand, if (f, g) ∈H2c(I ) then Ψf,a0(h|I0∪I1) = h. What is more, if fn
tends to f then Ψfn,a0g tends to Ψf,a0g.
For α ∈ (0,1) let us define Ψα(x) = (1 − α)x + α for x ∈ [0,1] and let fα be any homeomorphism of [0, α] such
that fα(x) < x for x ∈ (0, α).
And now fix a > 0. We can find f1 ∈ H(I ) and a < i0 < i1 < · · · < ik = 1 such that f1(x) = f (x) for x ∈
[0, g(a)] and for f1 holds the definition of the set Aε for the decomposition such that [0, i0], [i1, i2], . . . ∈M1 and
[i0, i1], [i2, i3], . . . ∈M0 (so for f1 included in the set Aε there is a lack of the first segment which has the beginning
in 0 and belongs toM0). Then for small enough a,α > 0 and for the homeomorphisms
f¯ (x) =
{
Ψαf1Ψ−1α (x) for x ∈ [α,1],
fα(x) for x ∈ [0, α],
and
g¯(x) =
{
ΨαΦf1,ahΨ
−1
α (x) for x ∈ [α,1],
fα(x) for x ∈ [0, α]
the condition (∗) holds for (f, g). The condition (∗) for (g, f ) we prove in the same way. This finishes the proof that
Bε ∩ S1 is dense in S1.
Lemma 4. Let x0 ∈ (0,1) and let I0 = [0, x0] and I1 = [x0,1]. Take f ∈H(I ) such that f (0) = 1 and Fix(f ) = {x0}.
Then for any ε > 0 and κ > 0 there exist ε′ > 0 and κ ′ > 0 such that for any f¯ ∈ Aε′(I0) such that ρ(f¯ , f ◦f |I0) < κ ′
there exists fˆ ∈ Aε(I) such that ρ(f, fˆ ) < κ and fˆ ◦ fˆ |I0 = f¯ .
Proof. Firstly, let us notice that for any homeomorphisms f¯ : I0 → I0 and h : I0 → I1 such that f¯ (0) = 0 and fˆ (x0) =
x0 the homeomorphism Θf¯ h ∈H(I ) defined by the following formula
Θf¯ h(x) =
{
h(x) for x ∈ I0,
f¯ ◦ h−1(x) for x ∈ I1
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f |I0 then fˆ = Θf¯ h is close to f .
Now for a given ε > 0 take ε/2 > ε′ > 0 such that for all x, y ∈ I0 if |x − y|  ε′ then |f (x) − f (y)| < ε/2.
Let us fix f¯ ∈ Aε′(I0). Then from the definition there exists the decomposition M of I0, let us say M0,1,M1,1,
. . . ,M1,k−1,M0,k (where M0,i ∈ M0). Let us define the decomposition Mˆ of I which consists of the sets
M0,1,M1,1, . . . ,M1,k−1,M0,k ∪ f (M0,k), f (M1,k−1), . . . , f (M1,1), f (M0,1). Now the definition of Aε holds for
Θf¯ f |I1 . It holds also for any Θf¯ h|I1 where h is close enough to f (because the set Aε is open). For α > 0 let fα : I0 →
I1 be a homeomorphism such that ρ(f |I0 , fα) < α and if M0,i = [xi, yi] then fα(M0,i ) = [f (yi)+α,f (xi)−α]. Then
for small enough α > 0 Θf¯ fα ∈ Aε .
This finishes the proof of Lemma 4. 
Now we will prove that Bε ∩ S2 is dense in S2.
Let us fix the homeomorphisms (f, g) ∈H2c(I ) such that g(0) = f (1) = 0 and g(1) = f (0) = 1. Then there exists
a unique fixed point for f , so let us say {x0} = Fix(f ). Since g(Fix(f )) = Fix(f ), we have that x0 ∈ Fix(g). That is
why we can define the homeomorphism Ψf h for h ∈H([0, x0]) (such that h(0) = 0) by formula Ψf h(x) = f hf−1(x)
for x ∈ [x0,1] and Ψf h(x) = h(x) for x ∈ [0, x0]. Then we have that Ψf is continuous and if (f ◦ f,h) ∈H2c([0, x0])
then (f,Ψf h) ∈H2c(I ). What is more there exists ε′ > 0 such that if h ∈ Aε′([0, x0]) then Ψf h ∈ Aε(I).
Let us notice that now (g, f ◦ f ) ∈ S1 and since Bε ∩ S1 is dense in S1 we can find (g¯, f¯ ) ∈H2c([0, x0]) close
enough to (g|[0,x0], f ◦ f ) such that from Lemma 4 we can obtain fˆ for which (Ψfˆ g¯, fˆ ) ∈ Bε is close to (g, f ).
Now, let us consider (f, g). Then (f ◦ f,g) ∈ S1. As before we can find (f¯ , g¯) ∈ H2c([0, x0]) close enough to
(f ◦ f,g|[0,x0]) such that from Lemma 4 we can obtain fˆ for which (fˆ ,Ψfˆ g¯) ∈ Bε is close to (f, g). This finishes the
proof that the set Bε ∩ S2 is dense in the set S2.
Now we will prove that the set Bε ∩ S3 is dense in the set S3.
Let us fix (f, g) ∈ S3. Then there exists x0 ∈ (0,1) such that Fix(f ) = Fix(g) = {x0}. And now as before we
can define the homeomorphism Ψf h for a homeomorphism h : [0, x0] → [x0,1] (such that h(0) = 1) by the formula
Ψf h(x) = f hf−1(x) for x ∈ [x0,1] and Ψf h(x) = h(x) for x ∈ [0, x0]. Then we have that Ψf is continuous and if
f ◦ f and h commute on [0, x0] then (f,Ψf h) ∈H2c(I ).
Now we have that (f ◦ f,g) ∈ S2. Because of the previous part we can find (f¯ , g¯) ∈ Bε as close (f ◦ f,g) as we
want. From Lemma 4 we obtain fˆ ∈ Aε such that fˆ ◦ fˆ = f¯ and g¯ commute. Hence (fˆ ,Ψfˆ (g¯|[0,x0])) ∈ Bε and is
close to (f, g).
This finishes the proof that the set Bε ∩ S3 is dense in the set S3 and hence the proof of Theorem 1.
3. Example
In this section we give a counterexample of the following statement: for any (f, g) ∈H2c(I ) and any ε > 0 there
exists δ > 0 such that for any homeomorphism g¯ such that ρ(g, g¯) < δ there exists a homeomorphism f¯ such that
ρ(f, f¯ ) < ε and (f¯ , g¯) ∈H2c(I ).
Let f ∈H(I ) be such that Fix(f ) = {0,1}, f (x) > x for all x ∈ (0,1), f (1/2) = 3/4 and f−1(1/2) = 1/4. Let
x0 = 1/2 and xk = f k(x0). Let F = {. . . , x−2, x−1, x0, x1, x2, . . .}. Then using the transformation Φf from the proof
of density Bε ∩ S1 in S1 we can obtain g ∈H(I ) such that (f, g) ∈H2c(I ), Fix(g) = F ∪ {0,1} and g(x) > x for all
x ∈ I\Fix(g).
Now for any δ > 0 there exists g¯ ∈H(I ) such that Fix(g¯) = Fix(g)\{x−1, x1} and ρ(g, g¯) < δ. Now assume that
f¯ ∈H(I ) commutes with g¯. Then f¯ (Fix(g¯)) = Fix(g¯) and hence there exists k ∈ Z\{−1,1} such that f¯ (x0) = xk . By
the definition of the metric ρ we obtain that ρ(f, f¯ ) 1/2.
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